A theorem for the invertibility of arbitrary response functions is presented under the following conditions: the time-dependence of the potentials should be Laplace transformable and the initial state should be a ground state, though might be degenerate. This theorem provides a rigorous foundation for all density-functional-like theories in the time-dependent linear response regime. Especially for time-dependent one-body reduced density matrix (1RDM) functional theory this is an important step forward, since a solid foundation has currently been lacking. The theorem is equally valid for static response functions in the non-degenerate case, so can be used to characterize the uniqueness of potential in the ground state version of the corresponding density-functional-like theory. Such a classification of the uniqueness of the non-local potential in ground state 1RDM functional has been lacking for decades. With the aid of presented invertibility theorem, a complete classification of the non-uniqueness of the non-local potential for the non-degenerate case can be given for the first time.
I. INTRODUCTION
Time-dependent density-functional theory (TDDFT) is based on the invertibility theorem by Runge and Gross [1] for Taylor expandable time-dependent potentials. Taylor expandability of the potential is actually a too stringent condition and can be loosened as demonstrated by the invertibility theorem for linear response by Van Leeuwen [2] and more recently, by work of Tokatly on lattice systems [3] [4] [5] and the fixed-point approach by Ruggenthaler and Van Leeuwen [6] [7] [8] .
TDDFT is almost exclusively implemented within the adiabatic approximation and the results are typically very satisfactory for polarizabilities and local valence excitations. Especially when a good model for the exchange-correlation potential is used even Rydberg excitations can be reproduced reliably [9] [10] [11] . Practical TDDFT calculations fail for more complicated excitations such as charge transfer excitations [12, 13] and bound excitons [14, 15] , when the hole and electron are not localized close to each other [16] , though some progress has been reported in their TDDFT description [17, 18] . Even more problematic are double [19, 20] and bond-breaking [21, 22] excitations. The main problem is that the density is not a natural quantity to describe these excitation processes and the non-interacting Kohn-Sham system is also of no avail.
A more natural quantity to deal with these more complicated physical processes is the one-body reduced density matrix (1RDM). In particular its fractional occupation numbers are good descriptors of correlation effects. Indeed, it has been demonstrated that time-dependent 1RDM functional theory is capable of correctly describing charge-transfer excitations, double excitations and bond-breaking excitations [23] [24] [25] even within the adi- * k.j.h.giesbertz@vu.nl abatic approximation. Unfortunately, there is no formal justification for time-dependent 1RDM functional theory yet. Though one can invoke the Runge-Gross theorem [26] , this allows one to use only 1RDMs generated by local potentials. These 'local' 1RDMs are very hard to characterize and lead to sever complications in the formulation of time-dependent 1RDM functional theory. The restriction to 'local' 1RDMs is therefore not very helpful and should be avoided. Unfortunately, the RungeGross theorem can not be generalized to the 1RDM and non-local potentials, since the commutator between the 1RDM and the interaction does not vanish, γ,Ŵ = 0.
The invertibility theorem for the density response function for Laplace transformable potentials by Van Leeuwen [2] is much more amenable to generalization to the 1RDM and in fact, to any operator. I will not only generalize the invertibility theorem to arbitrary operators, but also show how it can be extended to handle an initial degenerate ground state. The generalized invertibility theorem will be used to characterize the kernel of the density response function including the possibility of a degenerate initial state, which gives the expected results. More interesting is the application of the generalized invertibility theorem to the 1RDM response function, since it provides the first rigorous foundation for time-dependent linear response 1RDM functional theory.
The proof is equally valid for time-independent response functions in the non-degenerate case, by simply leaving out the time variable and the corresponding Laplace transform [27] . This allows one to determine the uniqueness of the potential in the ground state case. The usual results for density-functional theory (DFT) are obtained. The full characterization of the non-uniqueness of the non-local potential featuring in 1RDM functional theory has been an open question, since the first formulation of 1RDM functional theory by Gilbert in 1975 [28] . With the help of the generalized invertibility theorem the non-unique part of the non-local potential can be fully described in the non-degenerate case for the first time.
II. THE GENERALIZED INVERTIBILITY THEOREM
We will consider time-dependent perturbations by operatorsQ j (t ′ ) with strengths δv j (t ′ ) and consider the linear response of the expectation values of the same set of operators [29] 
where χ ij (t − t ′ ) is the retarded/causal linear response function defined as
In its definition we have used the operators in their Heisenberg representation with respect to the unperturbed Hamiltonian,Q H0,i (t) := e iĤ0tQ i e −iĤ0t , which is often called the interaction picture. We have also used the Heaviside function defined as
The retarded response function can alternatively be expressed as a sum-over-states (its Lehmann representation) as [27, 29, 30] 
where Ω K := E K − E 0 ≥ 0 are excitation energies and Ω K = 0 only for K < D, so D denotes the multiplicity of the ground state degeneracy [31] . Further, we have defined q
Note that the initial state can be excluded from the sum, since q 0 i = Ψ 0 |Q i |Ψ 0 ∈ R, because the operatorsQ i should be hermitian. Inserting the sum-over-state expression for the response function in (1), the response of the expectation value of the operatorQ i (t) can now be written as
where we have defined
The integral has the form of a convolution product over the interval [0, t], which can be transformed into a normal product by taking the Laplace transform
where the Laplace transform is defined as 
In absence of response, we have that δQ i = 0, so we also have that L[δQ i ] = 0 and we obtain from the previous equation that for zero response we necessarily have
Because Ω K ≥ 0 and only for K < D we have Ω K = 0, all the contributions for K ≥ D are positive. Therefore, one necessarily has
] it is obvious that this can only be the case if δv j (t) = 0 or that there exist linear combinations of the operators,
This implies that such a linear combination acting on the initial state,L n |Ψ 0 , should not produce any components outside the degenerate subspace, i.e.
where l K n := Ψ 0 |L n |Ψ K . In the case of a non-degenerate ground state the situation simplifies to an eigenvalue conditionL
In words, for a non-degenerate initial ground state, the response can only be zero if there exists a linear combination of the operatorsQ j for which the initial state is an eigenstate. Note |Ψ 0 being an eigenstate ofL n is sufficient, though not necessary for degenerate ground states, sinceL n |Ψ 0 is still allowed to have components in the degenerate subspace (5). Though we have shown that a K (t) = 0 for K ≥ D is necessary for absence of response, we also need to check if this condition is sufficient. Now suppose that this condition holds indeed for some operatorQ n [32] and initial state |Ψ 0 , then the sum-over-state expression for the retarded response function (3) reduces to
so as an additional requirement for zero response apart from q
A number of remarks on this condition are in order. Since the initial state is not included in this sum, this condition is automatically satisfied if the initial state is an eigenstate of the operatorQ n , so in particular for nondegenerate ground states. Therefore, we find that only in the case of a degenerate initial state for whichQ n |Ψ 0 has some components in the degenerate subspace, condition (7) has to be considered explicitly and only for the off-diagonal elements i = n, since for the diagonal elements of the response function, the components in the sum reduce to Im |q K n | 2 = 0. To get a feeling how condition (7) comes into play, consider the quantum mechanical description of the hydrogen atom limited to a Hilbert space consisting only of the l = 1 solutions. Out of this 4-fold degenerate ground state, we select the 2s-orbital to be our initial state. As perturbative operators we takeQ n = z n with n > 0, so only for even n our initial state is an eigenstate. For odd n the operators produce a 2p z component, though they are only real valued. Therefore, Im q K n q K m * = 0 for all operators, so condition (7) is satisfied for any pair of operators and implies a zero response. However, if we would consider the momentum operator −i∂ z as an additional operator, we find that this operator gives a purely imaginary number for q 2pz −i∂z . Hence, with this additional operator we find Im q 2pz −i∂z q 2pz z n * = 0 for odd n, so a non-zero response of the momentum operator.
The additional condition (7) can be written in an alternative form which can be more convenient in practice. Since the initial state and the states outside the degenerate subspace do not contribute, we can put them back into the summation to obtain
Since we sum over all the states K |Ψ K Ψ K | =1, so we can remove it from the expression. The imaginary part can now be written as the expectation value of a commutator, so the additional condition can alternatively be expressed as
This expression does not depend explicitly on the degenerate subspace anymore, so it is more feasible to make general statements working with the form (8) and will be used to study the 1RDM response function. Nevertheless, to determine the operatorsQ n themselves via (5), explicit knowledge on the composition of the degenerate subspace is still required.
As an example, consider the previous example again with the hydrogen atom limited to the l = 1 solutions and operatorsQ n = z n . We immediately have [z n , z m ] = 0, so we immediately find that a perturbation by anyQ n = z n yields a zero response. Adding the momentum operator, we additionally have Ψ 0 |[z n , −i∂ z ]|Ψ 0 = i n so the odd z n operators yield a response momentum operators.
The additional necessary condition in the form of a commutator (8) is very similar to the original definition of the response function (2). However, in (8) we have selected a special operatorQ n which allows us to consider the operators in their Schrödinger representation instead of the more involved (time-dependent) Heisenberg representation. This makes (8) much more manageable to proof the absence of response than directly from the definition of the response function (2).
III. DENSITY RESPONSE
As a minor check, let us consider the density response function to see if we recover the original result by Van Leeuwen [2] . For the density response function our operators areQ r =n(r), wheren(r) := σψ † (rσ)ψ (rσ). The only linear combination for which a non-degenerate ground state is an eigenstate is the number operator
Only if the density would vanish in some region for |Ψ 0 , there would be other linear combinations for which |Ψ 0 would be an eigenstate. This possibility is typically excluded in DFT [33] [34] [35] [36] , so we recover the same result as Van Leeuwen [2] that only a spatially constant potential gives a zero density response. Now let us investigate the consequences of a degenerate ground state by considering only one particle first. A non-constant potential yielding a zero density response is readily constructed as v K (r) = Ψ K (r)/Ψ 0 (r) for 0 < K < D, which by construction satisfies (5) . Assuming that the ground states can be chosen to be real, the initial state should at least have one nodal surface to allow for the degeneracy. Further, because the states need to be orthogonal, not all of their nodal surfaces should coincide. The potential v K would therefore be infinite along some nodal surface of Ψ 0 [37] . Such a strong potential can not be allowed, since it destroys the self-adjointness of the Hamiltonian [8, 38] . If we do not assume the initial state to be real, the nodal structure of the states could coincide, but their relative phase would need to be nonzero to make them orthogonal. This would require the potential v K to have an imaginary part, which is not allowed, since that would correspond to a non-hermitian potential. Because the required potentials for additional zeros are not admissible, degenerate initial states do not form any complication for the invertibility of the density response function and also in the degenerate case the kernel of the density response function only consists of constant potential. It is obvious that the same conclusion also holds for more than one particle.
IV. 1RDM RESPONSE
We will now consider the 1RDM response function. The 1RDM operator is defined aŝ
whereψ(x) andψ † (x) are the usual field operators and
x := rσ is a combined space-spin coordinate. We will first limit ourselves to a non-degenerate ground state as initial state, since this case already leads to several situations which need to be considered.
A. Non-degenerate ground state as initial state
Because the density is simply the diagonal of the 1RDM, n(r) = σ γ(rσ, rσ), the constant potential is also present of the kernel of the 1RDM response function. Since the 1RDM contains more flexibility than the density, one would expect that there are more possible potentials that give a zero response than only the spatially constant potential. Indeed, any one-body operator can be represented by the 1RDM, so if the initial state is an eigenfunction of some one-body operator, this operator is also present in the kernel of the 1RDM response function.
In particular, the non-relativistic Hamiltonian does not depend on spin, so a non-degenerate ground state is necessarily a singlet state. This implies that the ground state is an eigenstate of the total spin-projection operator in arbitrary directions,Ŝ|Ψ 0 = 0. Since the total spin-projection operator can be expressed as a one-body operator, it is also part of the kernel of the 1RDM response function. Note that this situation also occurs in spin-DFT [39, 40] .
Since symmetry in the system implies that the Hamiltonian commutes with one or more symmetry operators, the eigenstates of the Hamiltonian can be chosen to be eigenstates of some of those symmetry operators as well. Therefore, one would expect that also these symmetry operators belong to the kernel of the 1RDM response function. However, the Coulomb interaction of the Hamiltonian couples all the particles, so these symmetry operators need to be many-body operators in general. Continuous symmetries form an exception, since their generators can be expressed as one-body operators. For linear molecules this would be the rotation around the z-axis, i.e. theL z operator. Atoms would also include the other total angular momentum operators,L x andL y . For systems which are homogeneous in one or more directions, e.g. the homogeneous electron gas, the corresponding momentum operator(s) would also be part of the kernel of the 1RDM response function.
To proceed with the analysis, we will work in the natural orbital (NO) basis of the 1RDM of the initial ground state, which can be obtained by diagonalizing the 1RDM
The eigenvalues are called the (natural) occupation numbers and the eigenfunctions are the natural orbitals [41] . The occupation numbers sum to the total number of particles in the system, N , and for fermions they obey 0 ≤ n k ≤ 1. The integer values are special, since n k = 0 implies that the NO φ k (x) is not present in any determinant in the expansion of the wavefunction, a k |Ψ 0 = 0, whereâ k is the annihilation operator for the NO φ k (x). Likewise, a fully occupied NO, n k = 1, implies that the NO φ k (x) is present in all determinants, soâ k |Ψ 0 = |Ψ 0 [41] . From these properties, we readily find that
where the 1RDM operator is now represented in the NO basis,γ k,l :=â † lâk . Hence we find that the ground state is an eigenstate of the 1RDM operator if n k = 0 or n l = 1. However, we have to keep in mind that the potential should be hermitian, so if δv kl = 0, also δv * lk = 0. Thus for the state |Ψ to be an eigenstate of bothγ k,l and γ l,k , we additionally need that n k = 1 or n l = 0. This situation can only occur if n k = n l = 0 or n k = n l = 1. We find therefore, that the perturbations within the fully occupied or within the completely unoccupied block have a zero response in the 1RDM, as is actually well known for non-interacting systems, e.g. the Kohn-Sham system in DFT. Note that this discussion includes the one-particle case, since that is also non-interacting.
For interacting systems the occupation numbers are predominantly fractional, 0 < n k < 1, and for Coulomb systems there is strong evidence that they all are [42] [43] [44] [45] . One would expect that another special situation can occur if these fractional occupation numbers are degenerate. To investigate, consider the NOs as a basis and assume that φ 1 (x) and φ 2 (x) are two degenerate NOs. The contribution of these degenerate NOs to the initial state can be made explicit be writing the initial state as The action of the 1RDM-operator on the initial state can be worked out aŝ
for i, j = 1, 2. Since the | Ψ N component vanishes, the only way that |Ψ 0 can be an eigenstate is to have the eigenvalue zero, so all components | Ψ b M need to be cancelled. The componentsâ † j | Ψ i N −1 are not present in the initial state |Ψ 0 . This follows from the fact that φ 1 (x) and φ 2 (x) are NOs, so γ 12 = 0. Since one generally can not eliminate these components by taking linear combinations ofγ i,j , fractional occupation degeneracies do not cause additional potentials in the kernel of the 1RDM response function in general.
A special situation occurs if | Ψ i N −1 = 0. The only known interacting case is the two-electron system. The two-electron state in the NO representation can be written as an expansion of NO pairs to which each NO contributes only once [46] [47] [48] [49] 
wherek := −k. The coefficients in the expansion are called natural amplitudes and are related to the occupation numbers as |c k | 2 = n k = nk. In the case of a singlet state, the NO pairs only differ in their spin part,
In the triplet case the NO pairs have different spatial parts and their spin parts are identical. The paired NOs are degenerate and since we now have | Ψ k N −1 = 0, we find that
so perturbations with these operators yield a zero 1RDM response [50] . The special structure of the two-electron state also causes other NOs with degenerate natural occupation numbers to yield zero response. For example, consider the contribution of two pairs of NOs to the initial state | , we need to set v * 12 = −v * 21 c 2 /c 1 . This only works when the natural occupations are degenerate, n 1 = |c 1 | 2 = |c 2 | 2 = n 2 . In that case the following potential belongs to the kernel of the 1RDM response function
which depends on the relative phase of the natural amplitudes, e iα12 := c 1 /c 2 . It is readily checked that degeneracy between the NO pairs implies that also the potential
2 (12) belongs to the kernel of the response function. Note that the relative phase of the natural amplitude is important in the construction of the potentials (11) and (12), emphasizing that the special status of NO degeneracies only exists for two-electron systems. All non-local one-body potentials in the kernel of the 1RDM response function have now been characterized for both the non-interacting case and the fully interacting Coulomb system. However, if one works in a small finite basis or uses some effective interaction which only affects some subspace, some special structure in the ground state might arise, which causes additional potentials to be present in the kernel of the 1RDM response function. A complete proof including these cases would therefore require additional assumptions or a more extensive analysis which would depend on the specific details.
B. Including degeneracies
Now let us consider if additional potentials will be part of the kernel of the 1RDM response function if we allow for degenerate ground states. We will do this by first assuming that there exists some non-local one-body potential which only creates components in the degenerate subspace when acting on the initial statê
where u K = Ψ 0 |Û |Ψ K . Subsequently we check whether the additional necessary condition (7) is satisfied. In this case its commutator form (8) is more convenient to work with, since it can be worked out as
This is a very interesting expression, since it tells us that only potentialsÛ which have only non-zero matrix elements coupling degenerate NOs yield a zero 1RDM response. This is a very stringent condition, especially in combination with the requirement thatÛ |Ψ 0 is only allowed to have components in the degenerate subspace of ground states. Now let us investigate a number of systems of interest. If we consider a system of non-interacting particles, we expect potentialÛ to exist, since the eigenstates are single Slater determinants. A potentialÛ therefore exists if there are states within the degenerate subspace which only differ in one orbital from the initial state. However, the potential needs to couple an occupied orbital with an unoccupied orbital, which are not degenerate, so (14) is not satisfied. Degeneracies do therefore not lead to additional potential in the kernel of the 1RDM response function in the case of non-interacting systems. Now let us consider a system with a spin degenerate ground states, |S, M . These states are eigenfunctions of theŜ z operator,Ŝ z |S, M = M s |S, M , so theŜ z operator immediately belongs to kernel of the 1RDM response function. By operating with theŜ ± operators we can obtain other states in the degenerate subspace, S ± |S, M = C ± (S, M )|S, M ± 1 . In second quantizations, these raising and lowering operators can be expressed aŝ
The operatorsŜ ± are not hermitian operators, but we can make two independent hermitian combinations which are properly hermitian
Since these operators only produce components in the degenerate subspace, we have found proper potentialsÛ as in (13) . Now we need to check whether these operators satisfy (14) . We see that theŜ x andŜ y operators couple the different spin components of each spatial orbital, so we need n kα = n kβ for (14) to hold. This degeneracy only occurs for M = 0, so in the only in the case that |S, 0 is the initial state, theŜ x andŜ y operators also belong to the kernel of the 1RDM response function. Combined with our result for non-degenerate states, this means theŜ z is always part of the the kernel of the 1RDM response function for Hamiltonians not depending on spin. If additionally the system is spincompensated, i.e. n kα = n kβ , theŜ x andŜ y operators are also part of the kernel, irrespective if the ground state is degenerate or not. Note that the same considerations also hold for the angular momentum operatorsL if the Hamiltonian is invariant under all rotations, e.g. atoms and the homogeneous electron gas, though we need to check for different degeneracies in the occupation spectrum. For example consider an atom. The z-axis can always be chosen such that the ground state is also an eigenstate of theL z operator. For theL x andL y operators to be part of the kernel of the 1RDM response function as well, we need n k,l,m = n k,l,m ′ , which implies that the 1RDM will be unperturbed when we make rotations around an arbitrary axis.
C. Ground 1RDM functional theory
The generalized invertibility theorem for the nondegenerate case is equally valid for the time-independent response function by simply leaving out the timevariable(s). The generalized invertibility theorem therefore provides the perfect opportunity to give a better classification of the uniqueness of the mapping from nonlocal one-body potentials to 1RDMs,v → γ. As Gilbert already mentioned in 1975 [28] , the class of potentials which map to the same ground state 1RDM wil be larger than in DFT, but to the autor's knowledge no attempt has been made to give a full classification of this non-uniqueness. We will show that the kernel of the time-dependent 1RDM response function exactly corresponds to the non-uniqueness of the non-local potential in ground 1RDM functional theory in the non-degenerate case.
As Gilbert already showed [28] , the second part of the Hohenberg-Kohn theorem can straightforwardly be generalized to 1RDMs: the 1RDM of a non-degenerate ground state is unique. In other words, consider all the ground states corresponding to different non-local potentials, then there is a one-to-one correspondence between the non-degenerate ground states and their corresponding 1RDMs. Now assume that there are two (non-local) potentials,v 1 andv 2 , yielding the same non-degenerate ground state. Since the Schrödinger equation is linear, the potentialsv λ = (1 − λ)v 1 + λv 2 yield exactly the same nondegenerate ground state. The set of potentials which yield the same non-degenerate ground state is therefore connected. To determine this set, it is therefore sufficient to consider a perturbation to one of these potentials and check which potentials do not lead to a response to any order. As we have shown before, the first order 1RDM response only vanishes if the ground state is an eigenstate of the perturbation, but this also immediately implies that the response will vanish to any order. We can therefore conclude that the kernel of the 1RDM response function exactly coincides with the class of potentials yielding the same ground state 1RDM. More precisely, two non-local one-body potentials yield the same ground state (1RDM) if and only if their difference is part of the kernel of the 1RDM response function. Note that these considerations are not special for the 1RDM, but can be applied to any density-functional-like theory for which we are able to characterize the kernel of the response function.
The degenerate case is beyond the scope of this article. The main reason is that the degenerate case is handled in a fundamentally different manner in timedependent and time-independent perturbation theory. Time-independent perturbation theory is based on the time-independent Schrödinger equation, which is an eigenvalue equation. The ground state is therefore only specified up to its degenerate subspace, from which an appropriate |Ψ 0 needs to be chosen. Time-dependent perturbation theory, however, is based on the timedependent Schrödinger equation, which is an initial value problem. The initial state |Ψ 0 is therefore completely specified from the start, even in the degenerate case. Therefore, the result for the time-dependent response function does not straightforwardly carry over to the time-independent response function in the degenerate case and a separate treatment is required.
V. CONCLUSION
To summarize, we have generalized the invertibility theorem for the density response function by Van Leeuwen [2] , to arbitrary operators and to degenerate ground states. We have found that for the absence of response, it is sufficient that initial ground state is an eigenstate of the perturbation operator and also necessary in the case of a non-degenerate ground state. For a degenerate ground state, however, the action of the perturbation operator is allowed to yield additional components in the degenerate subspace, though the expectation value of the commutator of the perturbation with any operator under consideration needs to vanish to yield zero response as an additional condition (8) .
The theorem can be used to establish densityfunctional-like theories in the time-dependent linear response regime. The restriction to ground states is not very severe, since this is the initial state which is used almost exclusively in practical linear response calculations. The determination of the kernel of the time-dependent response function also immediately carries over to the timeindependent response function if the initial ground state is non-degenerate. This result can be used to characterize the non-uniqueness of the v → Q mapping, since this exactly coincides with the kernel of the response function for the non-degenerate case.
We have applied the generalized invertibility theorem to the density response function and found that only the spatially constant potential belongs to its kernel, even for a degenerate ground state. Applying the theorem to the 1RDM response function revealed that not only the constant time-dependent shift is part of the kernel, but also generators of continuous symmetries are possibly included. For non-relativistic Hamiltonians this would always be theŜ z operator and if the NOs are degenerate in both spin channels, n kα = n kβ , also the other components ofŜ belong to the kernel of the 1RDM response function, cf. spin-DFT [39, 40] . Also the angular momentum operators are possibly included in the kernel of the 1RDM response function if the Hamiltonian is invariant under the corresponding rotations. The additional condition (8) requires the relevant NOs to be degenerate as well. It is obvious that when spin-orbit coupling is included, the relevant operators to be considered would bê J :=L +Ŝ instead ofL andŜ separately. For homogeneous systems, e.g. the homogeneous electron gas, also the momentum operators −i∇ need to be considered. Further, the matrix elements of the non-local potential which couple within the fully unoccupied block or within the fully occupied block also do not lead to a first order response. Due to the intimate relation between a twoelectron state and its 1RDM, degeneracies of the natural occupation numbers give rise to additional non-local potentials in the kernel of the 1RDM response function, whose matrix elements couple the natural orbitals within the degenerate sub-block. This result not only puts timedependent linear response 1RDM functional theory on a rigorous basis. It is also of high importance for ground state 1RDM functional theory, because it allows for a full characterization of the non-uniqueness of the non-local potential for non-degenerate ground states.
